1. Introduction. Recently J. Bender [1] has obtained the following representation theorem for the multivalently star-like functions of the class C(p,q) which is given in the following form: Moreover he has proved an extremal theorem for the functions of the class C(p,q).
The set of analytic functions star-like in one direction has been introduced by S. Ozaki [3] and M. S. Robertson [4] . T. Umezawa [8] has obtained a wider sufficient condition for a function star-like of order at most p in one direction and for a function convex of order at most p in one direction.
The purpose of this note is to extend T. Umezawa's theorem into the form of Theorem 1 by using an idea of S. Ozaki [3] , and we shall generalize J. Bender's representation theorem in §4 and his extremal theorem for the functions of the Received by the editors April 11,1964 and, in revised form, September 29,1964. class C(p,q) in §5. Moreover, we shall obtain a generalization of W. C. Royster's theorem [5] .
2. Functions star-like of order p in one direction. Definition 1. Let/(z) be meromorphic for | z | z% r and continuous and/(z) # 0 on | z | = r. Furthermore let C be the image curve of I z I -=> r under/(z). If C is cut by a straight line passing through the origin in 2p, and not more than 2p points, f(z) is said to be star-like of order p in one direction. Now let Cy denote the part of | z | = r on which d arg/(z) > 0 when z moves on |z| = r positively and put JCldargz = x, and let C2 denote the part of |z| = r on which darg/(z) z% 0 when z moves on |z| = r positively and hence J"C2dargz = 2n -x. Besides, we put
Let N(cp) be the number of the points of intersection of the straight line arg/(z) = ep (started from the origin) with C. Then it is evident that the total variation of arg/(z) on C is given by J"o iV(<£) dep. If C is star-like of order at least (p + 1) in one direction, then we have
Hence we have (2.3) yi + y2 = jc\ dargfiz) \ 2ï 2nip + 1).
On the other hand, when nia) denotes the number of a-pointsof/(z) in |z| < r, we obtain
From (2.3) and (2.4), we have (2.5) y, 2; {p + 1 + n(0) -n(co)}7t, (2.6) y2 2: {p + 1 -n(0) + n(oo)}?t.
From (2.3), (2.5) and (2.6) we obtain the following theorem. Proof. When we notice that
we obtain (1) and (2) in (2.10) from (2.7) and (2.8) respectively. Moreover, we obtain easily (3) of (2.10) from (2.9).
Remark 2. The relation (3) of (2.10) is T. Umezawa's theorem [8] .
Theorem 3. Under the same assumption as Theorem 1, if f(z) satisfies on I z | = r the following inequality
where A = p + 1, B = n(0) -n(oo), A + B>0, A -B>0 and 2a is an arbitrary number not less than A + B, then f(z) is star-like of order at most p in one direction.
Proof. We apply here the method which has been used by T. Umezawa [8] . Since we have on | z | = r (2.12) y y -y2 = f daxgf(z) = 2nB, we obtain (2.13) y, + y2 = j | darg/(z) | = 2y. -2nB.
Since we have the hypothesis (2.11), we obtain (2.14) yt<ax,
Let us show that, under these circumstances, y y < iA + B)n. Suppose that (2.16) yy^iA + B)n, then we obtain y2 2: (A -B)n from (2.12), and we have from (2.15)
Since we have A -B > 0 and 2cc> A + B from the hypothesis, we have (2.17) iA + B)n > ax.
But on the other hand by (2.14) and (2.17), we obtain yx < (X + B)n. This contradicts (2.16). Hence we have yt < (A + B)n on | z | = r. Therefore, by (2.7) f(z) is star-like of order at most p in one direction. Proof. If we put a = A + B in (2.11), then we have Corollary 1.
3. Functions convex of order p in one direction. Definition 2. Let f(z) be meromorphic for | z | ^ r and continuous and f'(z) # 0 on | z | = r. Furthermore let C be the image curve of I z I = r. If every straight line parallel to a direction cuts C in not more than 2p points and there exists at least one such straight line which cuts C in 2p points, then /(z) is said to be convex of order p in one direction. Then we obtain
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When we integrate along the radius Oz, we have by this relation Fiz) .... 1 log-■-(p + y)log 1
Jo "Î M2(p + y) . , l + |z| -jj d|z|=(p + y)logy-jjr where we put the branch of log(F(z)/zp) that makes log(F(z)/zp) zero at the origin. Therefore, since log(F(z)/zp) is in the circle whose center is
and its radius is (p + y){log(l + |z|) -log(l -|z|)}, we obtain (4.5). When we put the imaginary part of log (F(z)/zp) in (4.7), we obtain (4.6). Proof. Consider the sequence {G"iz)}, where G"iz) =/(t"z) when p_1 > r" > 1 and lim"^o0t"= 1. Then, with z = rew, G"iz) satisfies (4.1) and (4.2) when pÇ1 < r < t~\ Thus for each n, Giz)"eSyip,q). Applying Theorem 7, we have
where F"iz) e Sxip, p). Since F"iz) is regular for | z | < 1 and has no zero in | z | < 1 except the pth order zero at the origin, we have lim"_ coF"(z) = Fiz) uniformly in every closed subdomain interior to | z | < 1. Then we obtain (4.8). Definition 4. A function/(z) is said to be a member of the class Kip,q) if and only if/(z) has the representation given by equation (4.8).
5. An extremal theorem for the class K(p, q).
Theorem 10. Letf(z)eK(p,q). Then where we put the branch of log(z"f(z)) that makes log(zp/(z)) zero at the origin.
1-1 s It'll-
This relation was proved in [7] . I wish to express here my hearty gratitude to Professor S. Ozaki for his kind guidance during my research.
